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Abstract

We show that the one-dimensional spin-1 XY model has an additional SU(2)
symmetry for the open boundary condition and for an artificial one. We can
explain some degeneracies of excitation states which were reported in previous
numerical studies.

PACS numbers: 02.20.—a, 64.60.Fr, 71.10.Jm

In the one-dimensional (1D) spin-1 (S = 1) XXZ model, a quantum phase transition between
the critical-XY and the Haldane phases takes place at the point of the XY model. This fact has
been argued by some authors [1-5]. An important feature is the existence of degeneracies of
excitation states with different total magnetization of S*-direction M. Alcaraz and Moreo [2]
studied the XXZ model with § = 1,3/2,2,5/2 and 3 numerically, and found the behaviour
of critical exponents. From the critical theory and the function of the critical exponent for the
S = 1 case, it was indicated that the phase boundary between the critical-XY and the Haldane
phases is the XY model point. At this point, they observed degeneracies for the open boundary
case among the first excited states of M = 0 and of M = £2, and among the third excited
state of M = +1 and the first excited state of M = £3. With the periodic boundary condition,
Kitazawa et al [3] studied the quantum phase transition of the 1D § = 1 bond-alternating XXZ
model numerically, and found that there exists a degeneracy among states with M = 0 and
M = =4 on the line of the XY model. Moreover, Nomura and Kitazawa [5] found that a state
with M = 0 of the ID § = 1 XY model with the twisted boundary condition has the same
energy as states with M = £2 of the model with the periodic boundary condition. The authors
of [2-5] argued that the above mentioned degeneracies at the XY model point is evidence for
the phase boundary. Thus, we think that these degeneracies are due to some symmetry of the
ID S = 1 XY model.

In this paper, we show that the 1D S = 1 XY model has an additional SU(2) symmetry for
the open boundary case and for an artificial boundary case, and explain the above mentioned
degeneracies of excitation states.

0305-4470/03/230351+07$30.00  © 2003 IOP Publishing Ltd Printed in the UK L351


http://stacks.iop.org/ja/36/L351

L352 Letter to the Editor

We consider the following 1D S = 1 XY model:

L—1
Hyy =) Ji.jen (S8 + 87870 ) + T (S1S7 +5787)
j=1
_ZJ(J D (STS5,, +57Sh,) + J(;” (S; Sy +S78F) (1)

where S, S]) and Sz (Si =5+ iy ) are spin-1 operators at the jth site, L is the system
size, and couplings of the nelghbourmg sites J¢j j+1) are arbitrarily distributed. Note that
this model does not have the usual SU(2) symmetry relating to the total spin operator
St=Yjn 8] (a=xy,2).

Firstly, let us define the following operators:

1(¢E)2 < 1
i) s=1is @
These operators satisfy the commutation relation
55,50 ] = £0u57 3)
and using
2 a2 3 2
[(S;') , (Sj ) ] = —8(Sj) +4(28°+25 - 1)§° (4)

and (sz,)3 = Sj for § = 1, we also have
57,5, ] =285 )

Thus operators s and s form a basis of su(2) algebra. At a single site, we have

1 (s+3— 2 Z 4 :
i(sj 5, +3; sj) + (sj) = Z(Sj) , and the state with S; = 0 corresponds to spin-0 state

and the states with Sj = %1 correspond to spin-1/2 states for the operator (2). The operator

>_; 3% commutes with the Hamiltonian, but operators } _; ET do not.
Next, we introduce new operators

=AU s =a8(=5) ©)
where U is the following non-local unitary operator:
i1 :
U =1 and =10 —2(55)%) = e Xt s for j > 1. )

=1

‘We show that operators (6) obey the commutation relation of su(2), and that the total operators
st = Z]L 157 * and 5% = Z]L ; §; commute with the Hamiltonian (1) with the open boundary

condition (J(.,1y = 0). From the commutation relation

2 +\2 +\2
(5 (5] = 4(5)°(1£5)) = 0 ®
(in which the second equality is valid for the S = 1 case), the factor U; does not affect

the commutativity among the new operators (sji, s;) at different sites. Thus, we obtain the
commutation relation of su(2)

(55, s = :I:(Sjksji [s7, 51 ] = 28us5 )

j?

and

[sT, ST] :I:sT [s}', sT_] = 2si. (10)
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We also have the relation between the original spin-1 operator S ?E and Uy as

{—UkS;‘L j<k an

Ui ST j>k.
The factor (7) appears in the string order parameter of the Haldane-gap state [1] and relates

to the Jordan—Wigner transformation. From equation (11), we have a Jordan—Wigner-type
transformation from spin-1 operators to spin-1/2 fermions excluding double occupancy

é},T=£S5S.,*Uj( f]< 59)0))
o) =55, (=555 0= (7))

where cj (1 — cj o, _o) with the usual spin-1/2 fermion operators cT and¢j,. In

the fermion system the spin operator is given by equation (2),

(12)

A oa ot B (2~ a0 _x
CirCjy =5 ¢ Cin =5 E(CMCM _CMCM) =5 (13)
coxt oa AT x (22
and the number operator is ¢;,¢j4 +C; Cj, = (Sj) .
Let us see the commutativity of the operator sT and the Hamiltonian with the open

boundary condition. From the fact that [s;", S*S;,,+S; S%,,] = Ofork # j and fork # j+1,
it is sufficient to see whether

[s7. 87870 +S7 STl + [Tu1 5780 + 55 St (14)

]+l ’
is zero or not. For the first commutation relation, we have

[st. 8587, + 878, ] = 185, [(59)% S71U; = Sty ST(1+289)U; = S, STUm (15)

j+1

where we used an identity
. 2
§7(1+257) = 87[1 = 2(S5)’]
for the spin-1 operators. We calculate the second commutation relation of (14) as
[ j+1’S S]+l +S Sj+1] [ j+1’Sj S]+l]
2
= _ES}— j+1{(Sj+1) S;+1 +S;+1( j+1) } = j+1S+ Jj+l (16)

where we used relation (11) and identities for the spin-1 operator (S;') = 0and

(S;+1) S]+l + S;+1 (S;—+1) 2S;r+1
Hence from equations (15) and (16) we find that (14) is zero, and that the Hamiltonian (1)
and the new operators squ and s commute for the open boundary case. This means that the
Hamiltonian is invariant under an SU(2) transformation generated by the operators squ and si.
From this symmetry, there can exist degeneracies between states with S = M and M — 2.
When |E, M) is an eigenstate of the Hamiltonian with an eigenvalue E and of S5 with an
eigenvalue M,

1

where N = /(s + M/2)(s — M/2 + 1) is a normalization factor with the length of the
‘spin’ s for the operators s? and s} is a degenerate eigenstate of the Hamiltonian with an
eigenvalue M — 2 of S} (if s |E, M) exists). This type of degeneracy was observed in [2].
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When interactions J;, j+1) satisfy the condition J(; j+1y = JL—j,L—j+1), the system is invariant

under the space inversion PS}"*P~! = §;"7 . From
1 2 L 2
+p-1 + 2
Ps; P :E(SijH) l_[ (1_2(Sj) )
[=L—j+2

= 35 4 (1 =208 )i [T (12085

1 2 i S5 i S
= _E(Slffjﬂ) Ur—ji1e %= _Slffjﬂ e 5t (17)

we obtain
1
P|E,M —2) = —eI”MNs{P|E, M).

Hence when M is odd, the degenerate states |E, M) and |E, M — 2) have the same eigenvalue
of P (= %), but when M is even, the two states have different eigenvalues.
For the periodic boundary case, the boundary term

Jw,n

[S781 +5.87]
does not commute with s;—L, and the model does not have an SU(2) symmetry. In order to find
an SU(2) symmetric boundary term, let us consider the following one:

Hboundary = %J(L,l)(szsr e—i@S—f + SZST eiﬁsﬁ"-) (18)
where @ is a real number. The commutation relations between S; S, e 7751 + S, Sf ¢St and
s are given by
[57, S8 e 4 57 57 ") = 1ST{(87)°S — e sy (87)"} %]

x [sT, SES; e 5 + 8 57 5]

= —(L+e )5Sy sTe ™5t — (1+e™)s, SpstelSt for 1<j<L
and

[s. SS; €% +.5, 5775 = —3{(87)7S, +€5, (57)7) S} "0
where we used e*S) (S_;’)2 = eF20 (S_;’)2 eS| If we choose 6 = +7/2, we have

[s7, SpS; e 25 4.5, S eH251] = SZ{(ST)ZS]_ + s]—(sr)z} eFiISt = gr§reFISE

1
2
[s7. 5787 €35 4+ 5,57 ™55 = 0 for 1<j<L
and
[57. 8787 ™3 4557555 = —3{(5])°s; - 8, (57)°) 57 e 00
L

= —siste i [T {1—2(s7)7)
I=1
= —SrStefizs,
Thus, the boundary term (18) commutes with s% (and s7) for @ = £m/2, and accordingly the
Hamiltonian of the form
L—1
J .. J s ooz SToQz
H =) “HLR[s5s), +57Sha] + =52 [S17 ™% 4 5,87 e*135] (19)
j=1
commutes with sff and s7, and has an SU(2) symmetry.
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From the Hamiltonian with the artificial boundary term (19), we can explain the existence
of degenerate states for the periodic and the twisted boundary conditions in [3-5]. Let us
define

Jij,j+1) Jun
HE® — 21 [S1S5,, +8;78%,]+ 5 =[Sy Sy + 8. 87]
j=1
and
L—1 J J )
H® = “2’”) [ST87,, + 5785, ]+ (; D[St Sy e 4 5757 eHES).
j=1

We regard H™ as the original Hamiltonian. If |E, 4N) is an eigenstate of the Hamiltonian
H® (H®) with an eigenvalue E and of Sz with an eigenvalue 4N (N is an integer), it is also

an eigenstate of H(+) (H( )) because 251 |E, 4N) = |E, 4N). Then if the state

1
|E,4N —2) = Ns{|E,4N)

(where N' = /(s + 2N)(s — 2N + 1) is a normalization factor with a positive integer s) exists,
it is a degenerate eigenstate of the Hamiltonian H1(+) (Hl(_)). Since the eigenvalue of S5 is
4N —2and e 35| E, 4N —2) = —|E, 4N — 2), this state is not an eigenstate of H™® (H )
but of H ™) (H®) with an eigenvalue E.

Similarly, if |E, 4N + 2) is an eigenstate of H® (H™) with an eigenvalue E and of St
with an eigenvalue 4N +2, it is an eigenstate of H,~ (H\"). Then if the state

%S; |E,4N +2)
(where NV = /(s +2N + 1)(s — 2N) with a positive integer s) exists, it is a degenerate
eigenstate of the Hamiltonian H (H,"). Since the eigenvalue of S5 is 4N, this state is not
an eigenstate of H® (H) but of H ™) (H™) with an eigenvalue E. Thus, an eigenstate
|E,2N) of the model with the periodic boundary condition (H ) can have the same energy
as the state |E, 2N =+ 2) of the model with the twisted boundary condition (H(™). Let us
consider the case that the system is invariant under the space inversion P. From equation (17),
we can say that the above states |E, 2N) (an eigenstate of H™) and |E, 2N % 2) (of H)
have different eigenvalues of P (e.g. if |E,2N) has P = +, then |E,2N £ 2) have P = —).
Examples of this degeneracy were reported in [5].

Although the model with the periodic boundary condition (H ) does not have the SU(2)
symmetry, there exist degenerate states |E, 2/N) and

|E,4N) =

1
|E,2N —4) = N(ST )2|E,2N)

with even eigenvalues of S5 (and with integer eigenvalues of s5.). When the system is invariant
under the space inversion P, from equation (17) the two states |E, 2N) and |E ,2N — 4) have

the same eigenvalue of P. When the couplings are uniform J o) = Jp3) = = Jwi.1), the
system is invariant under the translation 787”7 ~! = §7,7"". In this case, from
p—— 2 i S2
T(s¥)' 177" = (s§) +2Zs1isj:(em% —1) (20)
j=2

the two degenerate states |E, 2N) and |E, 2N — 4) have the same eigenvalue of T (i.e. wave
number). This type of degeneracy was found in [3].
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From equation (8), the following term also commutes with s;—L and si:
L
2
Hsia =Y D3(S3)". Q1)

Hence the Hamiltonians of the form Hyy + Hsi, with the open boundary condition and with
an artificial boundary condition also have an SU(2) symmetry, and the above argument can
also be applied. The phase diagram of the 1D § = 1 XXZ model with single ion anisotropy
2

H= Z (S1S5, + 8787, +ASSS, )+ DY (89) (22)
has been studied [1, 6—10]. The phase boundaries between the XY1 and the Haldane phases
and between the XY2 and the Néel phases [8, 9] are on the line A = 0 [1, 10], and this reflects
the symmetry.

Considering that the 1D § = 1 model relates to the S = 1/2 two-leg ladder model with
strong ferromagnetic inter-chain interactions, we can apply the same analysis for the S = 1/2
model [11]

L-1
H= TS5 St i+ 508 1 + 85,85 10 + 55,5 11)
j=1
L—1
+ Z J[j~j+1|(Sf,jS§,j+l + Siv,jSév,jn + S;,j 1X,j+1 + Sév,jsiv,jﬂ)
j=1
L

L
+ Z Toy i {8785+ 80,8 N+ > IS5 S5
=1 j=1

\&

(L D

St Sy PS4 s S eHES

( M)
)(ZLS2 e¥7T+SZLs+le )
(st %)

:':
151¢ ? T"‘S1L521e

l“‘l\)

(S2 LS eT S sy, ST et (23)

where S ; (a = x, y, Z) is the spin-1/2 operator at the jth site of thelegn = 1, 2, and we define
Si =37, (8], +55;). The intra- and the inter-chain couplings J;.js1). Jij.j13. Juy.j and
J..j are arbitrary, but the model needs the invariance under the exchange of the leg Sy ;e85
In this case, we define the operators

._Sljszj]_[ —45%,85,) (Sz +55 ) (24)

which satisfy equation (9). The Hamiltonian (23) is invariant under an SU(2) transformation
generated by the total operators sff = ZJL 15 + and 55 = Z,L':1 s;. With the Jordan—Wigner
transformation, we can see that the operators (24) relate to the pseudospin operators of the
Hubbard model [12-14].

In summary, introducing new operators (6), we considered an additional SU(2) symmetry
of the one-dimensional spin-1 XY model. Interactions of the model were assumed for nearest
neighbour spins. But the strength of interactions can be arbitrarily distributed, so that the
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argument can be applied for the random coupling case. The existence of the SU(2) symmetry
depends on the boundary term. The symmetry exists for the open boundary case, but does not
exist for the periodic boundary case. We found an SU(2) symmetric boundary term depending
on the operator S}. Considering the SU(2) symmetric cases, we explained degeneracies of
excitation states which were reported in previous numerical studies.
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